Magnetically-arrested disks (MADs) appear when accretion flows are supplied with a sufficient amount of magnetic flux. In this work, we use results of magnetohydrodynamic simulations to set the configuration of the magnetic field and investigate the dynamics and radiative properties of the resulting accretion flow (i.e., without that of the jet) of MAD. The method developed here is applied to both the MAD and the standard and normal evolution (SANE) accretion flow with or without large scale magnetic fields. For the radiative processes, we include synchrotron, bremsstrahlung and Compton scattering. We find that, in general, MAD accretion flows have similar spectra to those of the SANE, which complicates the task of distinguishing MADs from SANEs. At the same accretion rates, MADs are systematically brighter than SANEs. However, the critical accretion rate above which the hot solution ceases to exist is lower in MAD. Consequently, the maximum luminosity the MAD can reach is comparable but slightly lower than that of SANE, and the dependence on the magnetic flux is weak. We then discuss implications of our results for active galactic nuclei and accreting black-hole binaries.
INTRODUCTION
Active galactic nuclei (AGNs) and black hole (BH) Xray binaries (BHBs) are believed to be powered by the accretion of gas onto the central BH, a process that can efficiently convert gravitational potential energy and BH spin energy into radiation. According to the gas temperature, accretion disks can be crudely classified into two categories , one is a geometricallythin and optically-thick cold disk emitting blackbody radiation, first developed by Shakura & Sunyaev (1973, herefter abbreviated as SSD) , and the other is a geometrically-thick hot accretion flow with low optical depth and thus with optically-thin emission (though still by predominantly thermal electrons), e.g., an advection-dominated accretion flow (ADAF; Narayan & Yi 1994) . Accretion disks usually contain small-scale turbulent magnetic fields (with length scales much shorter than the disk height, H), which are generated and amplified by the magnetohydrodynamic (MHD) turbulence such as the magneto-rotational instability (MRI; Balbus & Hawley 1998) . The MRI-driven turbulent field is usually weak, with the gas-to-magnetic pressure ratio, β, parameter being greater than unity. Although crucial for the angular momentum transfer (Balbus & Hawley 1998 ), MRI has a weak impact on other dynamical properties of the accretion disk.
In above standard picture, which is also called the "standard and normal evolution" (SANE; Narayan et al. 2012, hereafter N12; Sadowski et al. 2013 ) for sub-Eddington hot accretion case, the existence of global large-scale magnetic fields (with the length scale longer than H) around the disk is mostly neglected 1 . This is because it is difficult for the MRI or dynamo processes to generate stable (in the sense of time sustained rather than temporary) global magnetic field. Stable global magnetic fields can only be advected/dragged inward from the environment by accreting material (for the pioneering work, see Bisnovatyi-Kogan & Ruzmaikin 1974 , and Bisnovatyi-Kogan 2019 for a recent review) 2 , but they will diffuse outward, and the advection-diffusion competition depends on the turbulent magnetic Prandtl number (the ratio of the viscosity to the magnetic resistivity) (Guan & Gammie 2009 ). The field accumulation is found to be sensitive to the disk aspect ratio H/R (where R is disk radius); namely, it is efficient in hot thick flows such as the ADAF, but will be highly suppressed in cold thin disks like SSD (e.g., Guilet & Ogilvie 2012) .
Only until the 2000s did the community recognize the importance of the supply and accumulation of magnetic flux in the accretion disks. The magnetic flux, Φ, is defined as a surface integral of magnetic field vector B, i.e. Φ = B · dS. There are three main reasons for this change. The first is that compared to the turbulent magnetic field, the global one has the advantage that it cannot be accreted into the BH, nor can it be dissipated locally due to magnetic diffusivity (Igumenshchev 2008, hereafter I08) . Once supplied, the global field can be stored and accumulated for a long time, e.g., the duration of an occurrence of the hard state in a BHB. Even if the accretion disk is supplied by fluxes with random signs, strong global magnetic field can develop (e.g., Narayan et al. 2003, hereafter N03; Begelman & Armitage 2014) . The second is the existence of significant coherent magnetic flux in the interstellar medium near AGNs, which makes flux feeding scenario plausible. For AGNs, the transverse Faraday rotation gradient in the jets provides a direct signature of magnetic polarity (e.g., Gabuzda et al. 2015) . The core-shift effect detected from high-angular-resolution multi-band radio observations also provides estimates of the magnetic flux (e.g., Zamaninasab et al. 2014; Zdziarski et al. 2015) . Rough estimatest of the mean strength and coherent length of magnetic fields in the interstellar medium also favor a magnetic flux as large as Φ ∼ 0.1pc 2 G (N03). For BHBs, the field strength at the surface layer of the donor star can be as high as B ∼100-1000 G (Reiners et al. 2009; Reiners & Basri 2010) . Accretion of material from the donor, either through stellar wind or through Rochelobe overflow, may possibly supply a flux Φ ∼ 10 −14 -10 −13 pc 2 G (Sadowski 2016) .
The third reason, related to the focus of this work, is the discovery of the "magnetically-arrested disk" (MAD; Igumenshchev et al. 2003; N03) . It is also called the "magnetically choked accretion flow" (McKinney et al. 2012, hereafter M12) . All magnetized accretion flows will accumulate a certain amount of magnetic flux near BH. However, if the disk is fed continuously with a sufficiently large amount of magnetic flux, it will evolve into a MAD phase, where the magnetic force is strong enough to balance the inflow's ram or gravitational force at certain location. This location is defined as the magnetospheric radius R m . Taking GM BH Σ/R 2 ∼ B R B z /4π (where M BH is the BH mass and Σ is the disk half-column density; see Equation 5), R m can then be estimated as (Sec. 2.2.3; see N03 for a simplified expression without considering the effect of H/R), Here, m ≡ M BH /M ⊙ ,Ṁ is the mass accretion rate andṁ is the accretion rate in Eddington unit,ṁ = M /Ṁ Edd 3 , a quantity X n is defined as X/10 n , α is the (Shakura & Sunyaev 1973) and R g = GM BH /c 2 is the gravitational radius. For the expressions above, we also take Φ ≈ πR 2 m B z , Σ = ρH = −Ṁ /4πRV R , where the radial velocity V R is estimated as V R ≈ −α(H/R) 2 RΩ K (Narayan & Yi 1994) , where Ω K is the Keplerian angular velocity, and we further assume B R /B z ∼ H/R (see Equation (12) below and Lubow et al. 1994) . We note that the expression above neglects possible outflows; if they are present,Ṁ above would be that at R m . For hot accretion flows, SANEs are then generalized to include systems whose magnetic fluxes remain below a critical value (N12), which can be derived by setting R m to the BH horizon radius.
We note that the MAD state can also be achieved in cold accretion disks (Avara et al. 2016; Marshall et al. 2018 ) and in super-Eddington disks (McKinney et al. 2015) . In this work, we limit ourselves to the sub-Eddington hot ADAFlike disks, namely the ADAF/MAD. For simplicity, below we name ADAF/MAD as MAD, and ADAF/SANE as SANE. As listed in Table 1 , we additionally define two extreme cases, one is the "low-Φ n MAD" (where Φ n is a normalized magnetic flux, see Sec. 2.2.2 below) with a small value of R m (2R g < R m (10-20)R g ), and the other is the "high-Φ n MAD", whose magnetic flux is so large that R m is greater than the outer boundary of the hot accretion disk, R out . For comparison, we additionally specify the SANE with negligible global fields as the "standard SANE", and the SANE with maximal magnetic flux (before transit to the MAD state, namely R m 2R g ) as "near-critical SANE".
MAD has several notable advantages compared to SANE. First, magnetic field topology is crucial for the jet production (e.g., Igumenshchev et al. 2003; Beckwith et al. 2008; McKinney & Blandford 2009 ), and MAD is the ideal site in extracting the BH spin energy and launching the Blandford-Znajek jet (BZ-jet; Blandford & Znajek 1977) . The jet in MAD is systematically more powerful than that produced in SANE (N12; Sadowski et al. 2013) . The jet efficiency, defined as the ratio of the jet power to the accretion power, can exceed 100% in MADs (e.g., Tchekhovskoy et al. 2011) , while the jet efficiency of SANE is usually less than 20% (e.g., Beckwith et al. 2008; Sadowski et al. 2013) . Statistical analysis of radio-loud AGNs suggests that they are in the MAD state (Zamaninasab et al. 2014; Ghisellini et al. 2014; Zdziarski et al. 2015) . Secondly, MAD systematically has a higher radiative efficiency compared to SANE under the sameṀ /Ṁ Edd , because of higher surface density (see Sec. 3.3) . Consequently, a brightening of a system can be caused by the feeding and accumulation of magnetic flux, while it is would usually be attributed to an increase in the mass accretion rate. Thirdly, MAD may explain the timing properties in BHBs. For example, from 3D MHD simulations, M12 proposed that high-frequency quasiperiodic oscillations (QPOs) observed in BHBs can be triggered in MAD systems due to the magnetic interchange and Kelvin-Helmholtz instabilities at the disk-jet interface, and Tchekhovskoy et al. (2011) proposed that low-frequency QPOs in BHBs occur due to fluctuations of the radiative efficiency of MADs 4 .
One obstacle that hinders the determination whether an observed source is a MAD is the lack of spectral calculation. Most MAD simulations in literature focus on the accretion dynamics and/or the jet properties, without considering the radiation part. Such simplification limits their application to bright systems whose accretion rates (in Eddington unit) are high. It is known from simulations of SANEs that radiative cooling plays an important role, i.e. the density and temperature of the flow will be significantly changed (between radiative and non-radiative cases) at a rather lowṀ /Ṁ Edd (Dibi et al. 2012) , and the wind/outflows are highly suppressed at higherṀ /Ṁ Edd , at which the radiative cooling is comparable to the viscous heating (Wu et al. 2016; Bu & Gan 2018) . Besides, the coupling between electrons and ions is weak in hot accretion flows. Consequently, the electrons, which produce most of the radiation, have a temperature significantly different to that of ions (Narayan & Yi 1995) , i.e. the accretion is twotemperature. Accretion flows with both global fields and twotemperature plasma have been investigated for SANEs (e.g., Oda et al. 2007 Oda et al. , 2012 Li & Cao 2009; Cao 2011; Wu et al. 2016; Sadowski et al. 2017; Bu & Gan 2018 ; though only few provide spectra, e.g., Oda et al. 2012; Ryan et al. 2018) but rarely for MADs. The only exception to our knowledge is Chael et al (2019) , who carried out two-temperature, radiative MHD simulations of MAD systems and further calculated the spectrum. In their work, they focused on loẇ M /Ṁ Edd cases, targeting M87.
In this work, we investigate radiative properties of MAD and compare them with those of SANEs. Section 2 is devoted to the basic properties of MAD learned from previous simulations, together with a presentation of our model setup. We assume the MAD is stationary, and use the height-integrated equations. With these simplifications, we explore the impact of various adopted parameters. Section 3 then presents detailed numerical calculations, Section 4 is devoted to discussions of MAD state in various systems, while Section 5 presents a brief summary.
BASIC PROPERTIES OF MAD AND MODEL SETUP 2.1. MAD Dynamics in MHD Simulations
Same with SANE, MAD also consists of a magnetized polar relativistic jet and an equatorial inflow with outflowing gas above its surface. Below we summarize the basic properties of MAD, based on state-of-art 3D MHD simulations in literature (I08; N12; M12; McKinney et al. 2015; White et al. 2019 ). Since the jet physics (acceleration, mass loading, proton/lepton composition, energy dissipation, etc.) is far from mature (for reviews of jet dynamics, see Hawley et al. 2015; Tchekhovskoy 2015) , and the existing jet models are rather phenomenological, in this work, we study the accretion flow only.
Far outside of the magnetospheric radius, at R ≫ R m , MAD shares similar dynamical and radiative properties with the high-Φ n SANE, although MAD usually exhibits weaker turbulence (M12). However, there are dramatic changes near R m . The magnetic force is so strong that the trigger of magnetic interchange instability (MII) will become inevitable (e.g., Tchekhovskoy et al. 2011, N12; M12; White et al. 2019) . The gas will be accreted in the form of irregular dense filamentary shears/streams with a spiral shape, and hereafter we call them the "gas spiral streams" or more briefly "spirals". The dense gas spirals are under-magnetized, with gas-to-magnetic pressure ratio of β 1, where β is defined including all components of the magnetic field. The global magnetic fields are split into separate bundles, and they will penetrate through the disk plane in low-density regions (I08). Below we will call these dilute but highly magnetized regions, whose β ∼ 0.01 (I08; M12), as the "magnetized voids" or more briefly the "voids" (also named magnetic buoyant bubbles in White et al. 2019) . The split into the under-magnetized spirals and the magnetized voids is a direct consequence of the efficient MII (M12). Those MAD simulations also reveal that the dominant magnetic field component is the poloidal one. The toroidal component is suppressed, because the rotational velocity in MAD systems is much lower than that in SANEs (N12). Although the gas spirals and the magnetized voids are separated spatially, they are still coupled to each other. Roughly they are in a pressure equilibrium state. Moreover, at zeroth order the magnetized voids corotate with the gas spirals (M12). These information will be used in our model design, see Sec. 2.2.
For completeness, we note that when spiraling inward, the accreting gas drags the magnetic field and twists it around the rotation axis. Such magnetic flux will eventually thread the BH instead of the accretion flow. Collimated Poynting jets in the polar directions are then launched. In the MAD system, the magnetic flux threading the BH will oscillate around a saturated (maximal) value (Tchekhovskoy et al. 2011) . The saturation is due to the force balance mediated by nonaxisymmetric MII (M12). The saturation in the magnetic flux threading onto BH has been supported by observations of a sample of radio-loud AGNs (Zamaninasab et al. 2014) , although the scatter of individual source is rather large . Here only the inner R < Rm region is shown) planes. In both panels, the shadowed regions mark the main body of the accretion flow, among which the violet is for the nonaxisymmetric R < Rm regions. For illustrative purpose, we shown in the right panel three dense gas spirals, outside of which are the magnetized voids. For the magnetic field configuration in the Left Panel, the black solid curves show the poloidal Bp (consist of both BR and Bz), while the green symbols (× and ⊙ for pointing into and out of the paper) mark the direction of the toroidal B φ . As shown in this plot, BR and B φ are odd functions of z, while Bz is an even function of z. For the field in the Right Panel, the green arrows mark the radial and azimuthal magnetic components, while the ⊙s mark the vertical one. For the guiding numerical simulations of this setup, see e.g. Fig. 1 of Tchekhovskoy et al. (2011) and Figs. 4 and 13 of M12. A direct comparison of the dynamics between MADs and SANEs has been made by N12. They found that for regions outside of ∼ 30R g the angular momentum of MAD is substantially smaller and the inflow velocity of MAD is substantially larger, compared to those of SANE.
Model Setup
We aim at constructing height-integrated equations to describe the quasi-steady (∂/∂t ≈ 0) optically-thin accretion flows, which can be applied to MADs and also SANEs containing global magnetic fields. 5 We adopt the cylindrical coordinates (R, φ, z), and assume the pseudo-Newtonian potential (Paczyński & Wiita 1980) to mimic the general relativistic (GR) effect of a Schwarzschild BH, i.e. ψ(R, z) = −GM BH / (R 2 + z 2 ) 1/2 − 2R g .
For illustrative purpose, we show in Figure 1 All the quantities are defined in the comoving frame at the midplane (z = 0), unless explicitly stated. We further define quantities in the dense gas spirals by subscript 's', and those in the magnetized voids by subscript 'v'.
Dynamical Equations for the Gas in MAD System
Below we list the dynamical equations of MAD system. The details of the derivation of these height-integrated equations can be found in Appendix A, where additional assumptions/simplifications are also provided. Here we focus on regions occupied by gas (e.g. inside of R m only the gas spirals); the coupling between the gas spirals and the magnetized voids will be addressed later in Section 2.2.4.
The mass accretion rate isṀ (R) ≡ −4πC m RHρV R , where parameter C m represents the surface covering factor of the accreting gas (Sec. 2.2.5 and Equation 26), i.e. C m = 1 outside of R m and C m < 1 inside of R m . Note thaṫ M (R) > 0 since we have V R < 0. Theoretically hot accretion flow associates with not only collimated jet but also strong sub-relativistic un-collimated wind/outflow (for SANEs, see Yuan et al. 2012b Yuan et al. , 2015 and references therein; for MADs, see e.g. M12; Yang et al. in preparation) . These winds are difficult to detect, since they are nearly fully ionized when launched. Following Blandford & Begelman (1999) , we include outflow/wind and write the continuity equation aṡ
HereṀ 0 andṀ BH are the accretion rates at the outer boundary R out and the BH event horizon, respectively. The impact of wind is determined by the outflow parameter s. In nature s may vary with radius R. MHD numerical simulations of hot accretion flows show that wind is fairly strong outside of ∼ 20R g but is highly suppressed within this radius (e.g., Yuan et al. 2012a) . Detailed modeling of the Xray emission in Sgr A* also confirms the suppression of wind near BH (Ma et al. 2019) . Besides, the outflow strength for regions inside R m may be different to that outside of R m . In this work we omit all these complexities but take s as a constant, independent of R.
With the assumption that the MAD is in a stationary state in the vertical direction, the scale-height of the accretion disk, H, can be expressed 6 as H = c s /Ω K . Here c s = (P tot /ρ) 1/2 is the isothermal sound speed, and the total pressure P tot includes three contributions, namely of the gas, P g , of the turbulent field, P tm , and of the global field, P m = B 2 /8π. The radiation pressure is negligible in hot accretion flows. We thus write P tot = P g + P tm + P m . Correspondingly, we introduce three plasma gas-to-magnetic parameters, one for the turbulent field component, β t = P g /P tm , one for the global field component, β m = P g /P m , and one for the total (turbulent+global) field component (this is the one mentioned in above sections), β = P g /(P tm + P m ). Obviously, the three plasma parameters relate to each other, i.e., 1/β = 1/β t + 1/β m . MRI is suppressed (or only marginally activated) in MAD systems (M12; White et al. 2019 ). However, turbulence still develops, since on small scales MII can constantly form and disrupt MII streams/bubbles (Marshall et al. 2018; White et al. 2019) . Such MII-driven turbulence is usually weaker compared to the MRI-driven one in SANEs (M12; White et al. 2019) . In this work, we assume β t = 10, a typical value for SANEs with weak fields (e.g., Stone & Pringle 2001; Hawley & Balbus 2002) . As long as β t ≫ 1, the exact value of β t is not important, for neither the dynamics nor the radiative properties of MAD. Despite the change in the origin of the MHD turbulence (i.e. MRI driven in SANEs and MII driven in MADs), we estimate the torque due to the MHD turbulence, τ φR , through the conventional α description (Shakura & Sunyaev 1973) . With the contribution from global fields excluded, we write the torque as τ φR = −α(P g + P tm ).
The momentum equations in radial and azimuthal directions can be expressed as
respectively. Here, j 0 is the eigenvalue of the system, which represents the specific angular momentum accreted by BH under the no-torque condition (i.e. τ φR = τ m = 0 just outside of BH horizon, Narayan et al. 1998 ). In our case, with the boundary conditions given at R out , the exact value of j 0 is determined numerically, in order to have a smooth transonic solution. In the above equations, the global magnetic field gives a contribution to the pressure, P m , decelerates the flow radially, described by g m , and exerts a stress/torque to transport the angular momentum, τ m . As detailed in Appendix A, the last two terms can be approximately expressed as (e.g., Oda et al. 2007; Li & Cao 2009; Cao 2011) ,
where B s R and B s φ are defined at the surface (z = H; the superscript 's' stands for disk surface) of MAD, while B z is the field component at the midplane (though we assume it to be a function of R only, see Sec. 2.2.2).
Both the MII-driven (or MRI-driven in case of SANE) turbulence and the global fields transport angular momentum outwards (τ φR and τ m are negative). The ratio between these two stresses can be expressed as (see
Here β z = 8πP g /B 2 z . For typical parameters considered in MAD, MII-driven turbulence and global fields are of comparable importance in the angular momentum transfer. We note that this is different from the recent MHD simulations of White et al. (2019) , where they found that the stress of global field dominates the transfer of angular momentum. This difference is because the effective viscosity parameter of the turbulent stress is α ∼ 0.01-0.1 in their MHD simulations, while we adopt a larger value of α = 0.3, as suggested by observations of BHBs in their hard state.
In our model the radial distribution of global field is set in advance (see Section 2.2.2). Consequently an extremely high magnetic flux (or B z ) may lead to dΩ/dR > 0 and even Ω < 0 in the inner regions. However, in reality, magnetic flux will diffuse outward due to the MII, which, in turn, prevents such high flux accumulation inside R m . The distribution of the global field inside R m would then be adjusted, and the torque τ m reduced. Considering this effect, we impose d ln Ω/d ln R = −1 for those cases. We note that such correction is only necessary in the innermost regions of high-Φ n MAD systems.
The density in MAD, even that of the gas spirals, is fairly low. The timescale for electrons and ions to reach thermalization balance is usually longer than the accretion timescale, and the accretion flow will be two-temperature (for SANEs, see Narayan et al. 1998; for related discussions). The gas pressure thus has two components, i.e. we have P g = P i + P e ≡ ρkT i /µ i m p + ρkT e /µ e m p , where the effective molecular weight of ions and electrons are respectively, µ i = 1.23 and µ e = 1.14 (taking the H mass fraction of 0.75), k is Boltzmann's constant and m p is the proton mass. We then write the energy equations separately for ions and electrons,
respectively. Here ǫ i = a(θ i )kT i /µ i m p and ǫ e = a(θ e )kT e /µ e m p are the internal energy (per unit mass) of ions and electrons, respectively, θ i = kT i /m p c 2 and θ e = kT e /m e c 2 are the respective dimensionless temperatures, a(θ) is a function of adiabatic index, with a(θ) = 3/2 for θ ≪ 1, q ie is the ion-electron energy transfer rate due to Coulomb interactions (Stepney & Guilbert 1983) , q rad is the radiative cooling rate (see Sec. 2.3 below), q heat is the turbulent heating rate, and δ defines the fraction of the dissipated energy received by the electrons.
There are several possible dissipation mechanisms to heat electrons and ions in accretion disks (cf. Xie & Yuan 2012 , 2016 for brief summaries). Among them, the two leading models proposed in literature are magnetic reconnection (e.g., Sironi & Spitkovsky 2014; Sironi & Narayan 2015; Numata & Loureiro 2015; Rowan et al. 2017; Ball et al. 2018 ) and the Landau-damped MHD turbulent cascades (e.g., Quataert & Gruzinov 1999; Howes 2010 . In accretion systems, both could happen, irrelevant to what drives the turbulence. In MAD systems outside R m , the energy dissipation is driven by the conventional MRI, while inside R m the turbulence is driven by the MII. Despite this difference, we simply take the turbulent heating rate to be related only to the turbulent stress part (Shakura & Sunyaev 1973) 
Then, δ plays an important role in determining the radiated power (Xie & Yuan 2012) . Observations of BH accretion systems typically require δ ∼ 0.1-0.5 (cf. Xie & Yuan 2012 and references therein), while theoretical investigations of both the magnetic reconnection and the damped turbulent cascades agree that δ can be fairly large, and its value increases with decreasing β (e.g., Howes 2010; Sironi & Spitkovsky 2014; Sironi & Narayan 2015; Ball et al. 2018) . For simplicity, we assume here δ to be constant.
Finally we note that the equations above are quite general. When the magnetic flux, Φ n , is low and the MII is not triggered, we have C m = 1 at all radii and these equations above will naturally describe the SANE system with global fields (e.g., Oda et al. 2007 Oda et al. , 2012 Li & Cao 2009; Cao 2011 ). If the global field is absent (i.e., g m = 0 and τ m = 0), the equations become those for the standard SANE model , see Table 1 ).
Global Magnetic Field Configuration
Global fields are of crucial importance for the dynamics of MAD. However, their structure cannot be determined from first principles. We thus set the field structure based on the 3D MHD simulations of M12. We first assume all the field components have no azimuthal dependence within either the spirals or voids; however, the field strengths are different between them. We now set their distribution in the vertical direction, focusing on properties in the |z/H| 1 region. We assume B z (R, z) to be constant along z. The radial, B R (R, z) and azimuthal, B φ (R, z), components are assumed to be odd and linear functions of z, i.e., B ∝ z. Thus, the field components are fully determined by B z (R) at the midplane, and by B s R (R) and B s φ (R) at the inflow surface.
We then design the radial distribution of global fields. As long as we initially have a relatively strong poloidal magnetic field, the initial radial distributions of B s R , B s φ and B z in the simulations of M12 are found to be almost irrelevant to the final field configuration, implying a universal field structure in MAD systems. Furthermore, the dominant field component is B z (R), whose radial distribution follows a power-law form at zeroth order approximation. We thus expressB z (R), defined as the strength of B z (R) azimuthally-averaged over the spirals and voids (see Equation 23 below), as
where s bz represents the distribution slope, which we assume = 1.1 based on the results of M12. We now consider the magnetic fields in the gas spiral regions. We note first that Lubow et al. (1994) investigated field dragging in geometrically-thin accretion disks, where they found that competition between advection (through viscosity) and diffusion (through magnetic resistivity) is determined by the magnetic Prandtl number, P m . With the assumption that B R (R, z) is an odd function of z (adopted in this work and also in Lubow et al. 1994) , they further found
Guan & Gammie (2009) 
where κ φ is a free parameter. In this expression, the Keplerian velocity Ω K R is introduced to reduce the B s φ value in case of slower rotation. Also, this form ensures B s φ to be always smaller than the dominant component B z . Since B s R B s φ < 0, we take a negative value of κ φ = −0.5 as a fiducial value. For a typical value of Ω ≈ 0.5 Ω K , we will have B s φ ∼ −(0.1-0.2)B z . Equations 12 and 13 determine the magnetic fields in gas spirals and outside R m . We now consider the highlymagnetized voids inside R m . We first assume the radial field component in the voids is negligible. We then estimate the azimuthal component B φ,v through the dynamical coupling between the magnetized voids and the gas spirals. Due to strong magnetic stress in the magnetized voids, the rotational velocity of the voids is lower by a factor of ∼0.5-0.9 than that of their neighboring (in azimuthal direction) gas spirals (M12). We thus assume the azimuthal-to-vertical field ratio following the relationship,
where the factor of 0.8 is set arbitrarily.
The main quantity to describe MAD systems is the magnetic flux. The half-surface magnetic flux, Φ(R), within a radius R is
The dimensionless magnetic flux normalized by the mass accretion rate has also been often used (Tchekhovskoy et al. 2011 ; for alternative definitions that differ by a constant factor, see Penna et al. 2010; M12) ,
where the subscript 'n' denotes a normalized value. We note that here we only consider the magnetic flux threading onto the accretion disk, but not that threading onto the BH horizon, Φ BH n , which is integrated over one BH hemisphere. That quantity determines the power of the jet lauched via the mechamism of Blandford & Znajek (1977) , see Tchekhovskoy (2015), but likely it has only a weak impact on the accretion flow. MHD simulations show that the maximal/saturated value of Φ BH n depends on the disc thickness, namely Φ BH n,max ≈ 50 [(H/R)/0.3], see e.g., Tchekhovskoy et al. (2011) ; M12.
Criteria for the Magnetic Interchange Instability and the

Evaluation of Rm
We here determine the location R m . We have two conditions. One is that the total magnetic stress force g m,all (including the magnetic pressure) is strong enough to complete against the effective gravity (N03), namely
where g eff = (Ω 2 K − Ω 2 )R is the effective gravity (per unit mass). Factor f g ≈ 0.5 is introduced (admittedly arbitrarily) to compensate for the strong outward force due to (gas+turbulent field) pressure. This provides a more detailed expression compared to Equation (1), where neither the pressure gradient nor the centrifugal force due to rotation are considered. With Ω/Ω K ≈ 0.3-0.5, we have f Ω = 1−Ω 2 /Ω 2 K ≈ 0.75-0.9. After some algebraic manipulations, we have (in case of outflow,Ṁ represents the accretion rate at R m )
. (18) The difference in the dependence on H/R appears because the pressure of global field is now taken into account, i.e. in Equation (17) 
The other condition that we adopt is that for appearance of the MII. Analyses of the disk instability in a thin disk threaded by a vertical field B z show that this requires that Σ/B z increases with decreasing R fast enough to overcome the stabilizing effect of the velocity shear (Spruit et al. 1995; Kulkarni & Romanova 2008) , namely
The location of R m is determined by applying both criteria.
Connections between Gas Spirals and Magnetized Voids
In our model, all the mass are in the gas spirals and the magnetized voids are assumed to be gas-free. Meanwhile, although spatially separated, the spirals and the voids are coupled together, e.g., the magnetized voids roughly corotate with the gas spirals (M12), although the rotational velocity of the magnetized voids, whose magnetic field tension is much stronger, is slower than that of gas spirals. We assume that the spirals and the voids reach a pressure equilibrium state. Since the radial field component is negligible in the magnetized voids, we can express the pressure balance condition (P tot,v = P tot,s ) as
Here factor 1/4 is introduced to account for the vertical averaging of both B s R (R, z) and B s φ (R, z) (see Sec. 2.2.2). Note that using the definition of the total plasma parameter of the spirals as β s = P g,s /(P tm,s + P m,s ), the pressure balance also provides an estimate of the field strength ratio between spirals and voids,
For the assumed β t = 10, we have B z,v /B z,s ≈ 3.5, 5.2 for β s = 5, 7, respectively. Physically, it corresponds to the expelling of a significant fraction of the magnetic fields out from the gas spirals into the magnetized voids.
Transition Conditions at Rm and Covering Factor Cm
The following transition conditions at R m are adopted. Basically, we re-arrange the magnetic fields and the gas density, but keep the velocities (V R and Ω) and temperatures (T e and T i ) unaffected,
This means that the heating (increasing T i and T e in the spirals) during the compression in the φ direction is neglected. For the gas density, we iteratively adjust the guessed density in the spirals at R m until the accretion rate at R m − converges to that at R m +. Thus, we assume quasi-steady state without any mass accumulation/pile-up outside of R m , which corresponds to the results of 3D simulation where MII is observed to be triggered automatically (M12; White et al. 2019 ). We take the following two conditions for the transition of the global magnetic fields. First, a pressure balance between the dense spirals and the magnetized voids is roughly achieved, see Sec. 2.2.4. Second, when averaged in the azimuthal direction, the magnetic field in this nonaxisymmetric region still follows the R −s bz profile, see Equation (11). Specifically, we have,
From Equations (20) and (23), one immediate result is that
magnetic fields are expelled out into the highly magnetized voids. In this case, the spirals can still remain weaklymagnetized (with β s > 1) even when the whole system has a large magnetic flux, which is indeed the case as observed in numerical simulations, see M12.
Although the exact value of C m cannot be determined from basic physics, there exist two lower limit constraints. One is from our treatment of the radiative processes (see Sec. 2.3). We assume the emission from the spirals is quasi-isotropic, i.e., side emission equals to surface emission. This is valid only when the azimuthal length of each spiral is comparable to its thickness ,H. There is then the corresponding constraint on C m (cf. Equation 31), with the number of spirals greater than unity, i.e. n s > 1,
which is approximately in the range of 1/10-1/4. In our calculations, we assume C m > 1/5. The other constraint comes from the spiral-void coupling. Through an analysis of Equations (20) and (23), we find a lower limit on C m , below which there is no pressure-balance solution (see Appendix B for the derivation), namely B) . Thus, stronger magnetic fields allow for narrower occupation in the azimuthal direction (smaller C m,min ) for the gas spirals.
We have found no method to determine the actual value of C m . Instead, we simply use the lower limits, which correspond to the magnetic pressure from the voids exerted on the spirals being strong. We combine the above two constraints and arbitrarily set C m as C m = (4C m,min + 1)/5.
We note that smaller C m leads to weaker magnetic field (higher β s ) in the spirals.
Radiation in MAD Systems
For the hot version of MAD, we consider the following radiative processes, i.e. synchrotron, bremsstrahlung and the inverse Compton scattering. Note that these processes are those also included in SANE systems (Narayan & Yi 1995) .
In this work, we focused on hot accretion flow itself. In this case, we do not take into account the emission related to the cold SSD outside of R out , i.e. the Comptonization of thermal blackbody emission from SSD (which appears to be a major parameter in accreting BHs, e.g. from the reflectionindex correlation, Zdziarski et al. 1999) , and the reflection and reprocessing by the cold SSD. Additionally, for electrons in hot accretion flow, we also ignore the possibility that the thermal relativistic-Maxwellian distribution has a weak highenergy tail, which can enhance the synchrotron emission by orders of magnitude, e.g., Veledina et al. (2011) .
Radiation outside of Rm
We first investigate the region outside of R > R m . For this region, there is no significant difference between MAD and SANE, as discussed in Sec. 2.1. The only difference is to take the global magnetic fields into account for the synchrotron emission. We thus directly follow Manmoto et al. (1997) to calculate them, with emissivities taken from Narayan & Yi (1995) . For the radiative transfer along the vertical direction, we take the Eddington approximation and adopt the radiative diffusion description.
As detailed in Manmoto et al. (1997) , the radiative transfer along z direction is then solved under the two-stream approximation (Rybicki & Lightman 1979) . The radiative flux of synchrotron and bremsstrahlung emission at given frequency ν (in local rest frame), defined as F seed ν since it will also serve as seed photons for the Compton scattering process, can then be expressed as (Manmoto et al. 1997) ,
Here B ν is the blackbody emissivity per unit solid angle, and τ ν = π/2 κ ν H is the half optical depth in vertical direction, from the equatorial plane to the surface. The absorption coefficient κ ν is defined as κ ν = j ν /B ν , where j ν is the emissivity coefficient that includes both synchrotron and bremsstrahlung.
We now consider the Compton scattering. In principle, the Compton scattering in hot optically-thin flows happens globally, i.e. seed photons from one location can propagate to a distant location and scatter with energetic electrons there (e.g., Yuan et al. 2009; Xie et al. 2010; Niedźwiecki et al. 2012 , and references therein). For technical reasons we limit ourselves to the local one-zone (in vertical direction) treatment, which is also widely adopted in literature.
The Compton scattering is calculated in two steps, with different objectives. The first is during the procedure of solving the dynamical equations in Sec. 2.2.1 and the aim is to determine the dynamical structure of MAD. Here only the radiative cooling rate q rad is required, while the spectral information is not necessary. We adopt the enhancement factor method (Dermer et al. 1991 , coefficients for the disk model with seed photon energy fixed to 1 eV.), which provides the "averaged" energy boost of seed photons. Once the dynamics is determined, we move to the second step, i.e. to derive the spectrum. For this step we take a more accurate treatment on the Compton scattering process, following Coppi & Blandford (1990) .
Once the Compton scattering is done, we can easily sum up the emission from all radiative mechanisms to derive the total radiative flux F ν at each radius R. With the definition of the frequency-integrated radiative flux per unit area F rad (≡ F ν dν), the local radiative cooling rate (per unit surface area Q rad and per unit volume q rad ) can then be evaluated as
Both are identical to those of SANEs (e.g. Narayan & Yi 1995; Manmoto et al. 1997) . The radiative cooling q rad determines the energy balance for electrons (cf. Equation  9 ). Moreover, it can also indirectly impact on the dynamical structure of the flow (cf. the energy equation for ions Equation 8, through electron-ion coupling q ie ) when the accretion rate is high and q rad is comparable to the turbulent heating q heat . Finally, through radial integration, the total luminosity (measured by distant observer) L νo at observed frequency ν o is given by (Ghisellini 2013 )
Here, the combined redshift z r , defined as (1 + z r ) −1 = ν o /ν, includes both the gravitational redshift and relativistic Doppler shift. The additional factor 2 accounts for the two surfaces of the accretion flow.
Radiation inside of Rm
The nonaxisymmetric region (inside R m ) deserves additional consideration. We start from examining the relative importance of the emission from the highly-magnetized voids. For this purpose, we temporarily abandon the gasfree approximation but consider the residual dilute gases in the voids. We take from numerical simulations (e.g. M12) a plasma parameter value β v ∼ 0.01 for the magnetized voids. For the synchrotron emission, we assume the electrons are relativistic and estimate the void-to-spiral luminosity radio at each ring of radius R as (see Equation 6.7 in Rybicki & Lightman 1979) ,
where we consider the fact that the spirals and voids are in pressure balance and that ρT i B 2 ∝ P g (P tm + P m ) ∝ P 2 tot × β/(1 + β) 2 ∝ β/(1 + β) 2 . In the final expression of Equation (30), we further assume T e,v ≈ T e,s and T i,v ≈ T i,s . We thus have L syn,v (R)/L syn,s (R) ≈ 0.1 for β s = 5 and C m = 0.4, i.e. synchrotron emission from the residual dilute gases in the voids plays a secondary role. In addition, due to the strong dependence on optical depth (proportional to gas density), the Compton scattering in the magnetized voids, either internal or external (e.g., seed photons are from the synchrotron emission of the spirals), is also unimportant. We thus conclude that emission from the voids can safely be neglected, and the gas-free approximation is justified.
We then estimate the number of dense spirals n s at each radius. For simplicity, we assume the width of each spiral is comparable to the total thickness of the disk (∼ 2H). The number of spirals can then be estimated as,
For typical values of MAD (H/R ≈ 0.3-0.5 and C m ≈ 0.3-0.5), we have n s ≈ 1-3. It is in good agreement with simulations where one or two dense spirals dominant (see, e.g., Tchekhovskoy et al. 2011; M12) . We note that recent simulations with even higher resolutions incline to favor smaller but more numerous dense blobs (White et al. 2019 ). We devote further refinement to future work. Below we derive the emission from gas spirals. Compared to SANEs, the spirals have four surfaces (bottom, top, and additionally two sides neighboring to the magnetized voids). Since the width of each spiral is assumed to be comparable to 2H, the optical depth in azimuthal direction is roughly the same to that in vertical direction. Under this condition, the emission of the gas spirals can be consistently approximated as nearly isotropic, i.e. radiation (per unit area) from each side equals to that from each surface. With Equation (31) we thus have
The radiative cooling rate q rad can then be expressed as
The total luminosity (measured by distant observer) in this region can now be derived as,
We caution that the apparent factor of 2 enhancement in Equation (34) compared to Equation (29) is an artifact that reflects our simplification. In reality dense spirals will irradiate each other. Consequently at least part of the side emission cannot propagate to infinity.
Model Parameters
We summarize in Table 2 all the parameters in our MAD model. We set the BH mass to M BH = 1 × 10 8 M ⊙ . We additionally fix several parameters of MAD systems, i.e. α = 0.3, β t = 10, δ = 0.1, and s = 0.3. All these parameters are typical for SANE systems. The outer boundary is set to R out = 10 3 R g . There are two boundary conditions at R out . One is the mass accretion rateṀ 0 (the net accretion rate onto BH isṀ BH = 0.155Ṁ 0 for the values of s and R out assumed here), and the other is the azimuthallyaveraged plasma parameterβ z0 , which is defined through β z0 = 8π C m P g /B 2 z . Note that if the global field is relatively weak (i.e. R m < R out ), the system will remains nearly axisymmetric at the outer boundary, with C m = 1 and B z =B z there. In this case, parameterβ z0 returns to its normal physical meaning.
One additional parameter is the radial distribution of the vertical magnetic fieldB z . We take a power-law profile with a slope s bz = 1.1 (see Equation 11 and M12). The radial and azimuthal field components are then set by two additional parameters, i.e. P m = 2 and κ φ = −0.5. In this work there are only two variables, i.e.β z0 and the accretion rateṀ 0 at the boundary. We use them to examine the impact of global fields and/or accretion rate on the dynamical and radiative properties of hot accretion flows.
RESULTS
Dynamical and Radiative Properties at Low-Ṁ /Ṁ Edd
We first examine the typical hot accretion cases, where the accretion rate is sufficiently low and radiative cooling plays a negligible role on the flow dynamics. We here takeṀ 0 = 10 −5Ṁ Edd as a representative. Under this accretion rate, the radiative cooling is found to be less than 1% the turbulent heating. For our setup, we find that the system enters into MAD whenβ z0 3.7-3.8. Obviously, this value is sensitive to the radial distribution of global fields (i.e. s bz ). Figure 2 shows the dynamical structure for those low-M /Ṁ Edd systems. From left to right, the top panels show the radial distribution of the Mach number (|V R /c s |), the surface density (Σ) and the angular momentum (ΩR 2 ), while the bottom panels show that of the electron temperature (T e ), the covering factor (C m ) and the plasma β-parameter of the gas (dense spirals for the spiral/void region). In this plot, the red solid curves are forβ z0 = 1, which is the high-Φ n MAD with R m R out (= 10 3 R g ) and the dimensionless magnetic flux within 10R g to be Φ n (10R g ) ≈ 51.6. The green dashed curves are forβ z0 = 2 (MAD with R m ≈ 160R g and Φ n (10R g ) ≈ 33.6), and the blue long-dashed curves are forβ z0 = 3.4 (low-Φ n MAD with R m ≈ 15R g and Φ n (10R g ) ≈ 26.7). The transition to the spiral/void region is evidently shown by the sharp jumps in the panels of Σ, β and C m . For comparison, we also show dynamical structure of the standard (β z0 = 10 5 ) and near-critical (β z0 = 4 and Figure 2 . Dynamical structure of MAD at low accretion rate (Ṁ0 = 10 −5Ṁ Edd at Rout = 10 3 Rg, the outflow parameter s = 0.3). From left to right, the top panels show the Mach number VR/cs, the half surface density Σ, and the specific angular momentum ΩR 2 ; the bottom panels show the electron temperature Te, surface covering factor Cm and the plasma β-parameter in gas regions. As listed in Table 2 , basic parameters for global fields are s bz = 1.1, Pm = 2, κ φ = −0.5, and others related to microphysics are α = 0.3, βt = 10, δ = 0.1. The strength of Bz is set throughβz0 at Rout, whereβz0 = 1 (red solid; high-Φn MAD with Rm > 10 3 Rg), = 2 (green dashed, MAD with Rm ≈ 160Rg) and = 3.4 (blue long-dashed; low-Φn MAD with Rm ≈ 15Rg). The transition to the spiral/void region is evidently shown in panels of Σ, βs and Cm. For comparison, we also show the standard (βz0 = 10 5 ) and near-critical (βz0 = 4) SANEs as respectively, the black solid and black dot-dashed curves. The upper black dashed curve in ΩR 2 plot represents the Keplerian rotation. Φ n (10R g ) ≈ 24.8) SANEs respectively as the black solid and dot-dashed curves.
As clearly demonstrated in Figure 2 , the innermost regions will first transit into MAD phase, if the magnetic flux increases gradually (i.e., with a decrease inβ z0 ). The transition radius R m increases with increasing magnetic flux. For different magnetic fluxes, the dynamical structure of accretion flow outside of R m remains similar. This is most evident when comparing the the low-Φ n MAD (i.e. the blue long-dashed curve) with the near-critical SANE (the black dot-dashed). When MII is triggered and the system enters into the spiral/void regions, we will observe an increase in both the density and the surface density Σ of gas spirals (and a decrease of C m . Note that Σ ∝ −Ṁ /(V R C m ).), compared to the SANE cases. For a typical value of C m ≈ 0.3-0.5, we find a factor of 2-3 increase in Σ. As magnetic flux increases even further, the global fields will force the gas spirals to shrink azimuthally (reducing C m ). Consequently we will observe a further enhancement in Σ. Due to additional angular momentum transport by global field, Ω near BH is considerably small in high-Φ n MAD systems. We note that the near-critical SANE one, whose magnetic fields within accreting gas are also fairly strong (see the plot of β), also have rather low angular momentum.
The bottom right panel of Figure 2 shows the plasma βparameter for the gas regions (i.e. inside of R m only that of gas spirals). Outside of R m , more input of magnetic flux to the whole system results in lower β values. Inside of R m , on the other hand, an opposite effect is observed, i.e. more magnetic flux to the whole system will result in larger β values (equivalently, relatively weaker magnetic field strength) in gas spirals. This is because in this case more fraction of the global fields are actually expelled out of the dense spirals into the magnetized voids (see Section 2.2.4 and Equation 21). The spirals thus have a relatively weaker magnetic field, with β s ≈ 3-8. We note that this value is lower than that of the near-critical SANE, whose β reaches 1 at innermost regions. One consequence of the expel of magnetic fields out of the gas spirals is that the spirals in MAD systems have a slightly lower scale height (or equivalently aspect ratio H/R, not shown here) compared to that of the near-critical SANE. We also observe that MAD withβ z0 = 2 has a different dynamics compared to MAD withβ z0 = 1, i.e. hotter temperature, lower radial velocity. Correspondingly, it has similar surface density even through its surface covering factor is larger. This may relate to the transition conditions we adopt at R m . Figure 3 shows the corresponding spectral energy distributions (SEDs) for these models. Because this accretion rate is fairly low (in Eddington unit,Ṁ /Ṁ Edd ), there are three bumps in each spectrum, i.e. the synchrotron (peaks around 10 11−12 Hz for the chosen parameters), the first-order inverse Compton scattering (peaks around 10 14−16 Hz), and the bremsstrahlung (peaks around ∼ kT e ∼ 10 19−20 Hz). Emission from higher-orders Comptonization is weaker than the bremsstrahlung, and it is invisible here. One quick finding from this plot is that the SED of MAD is similar to that of SED of high-Φn (βz0 = 1 with Rout = 10 3 Rg) MAD systems at different accretion rate. From top to bottom, the boundary accretion rates at Rout are respectively, M0 = 10 −1Ṁ Edd (blue solid), 10 −2Ṁ Edd (black dot-dashed), 10 −3Ṁ Edd (black long dashed), 10 −4Ṁ Edd (black dashed) and 10 −5Ṁ Edd (red solid, the same to the red solid curve in Figure 3 ). Ryan et al. 2017 Ryan et al. , 2018 Chael et al 2019 and the SANE emission by Manmoto et al. 1997; Yuan et al. 2003 ). This is not surprising, not only because they share the same radiative mechanisms, but also because the dense spirals are only weakly magnetized (cf. Figure 2 ), similar to that of SANE (especially SANE with weak global fields). Emission of low-Φ n MAD is very close to that of near-critical SANE, only that the synchrotron bump of low-Φ n MAD is slightly lower in both the peak frequency and the peak luminosity. Both are a direct consequence of the decrease in magnetic field strength (increase of β) in the gas regions, see bottom-right panel of Figure 2 . For the radiation of MAD, we additionally observe two results from Figure 3 . First, the Compton bump is relatively brighter (with respect to the synchrotron bump) in MAD systems, as optical depth increases with Φ n . This phenomena should be more evident at higher accretion rate (or luminosities), since Compton scattering is sensitive to the optic al depth (or equivalently Σ, e.g., Rybicki & Lightman 1979; Dermer et al. 1991) . Secondly, we may observe a weak spectral offset at high-frequency radio bands, due to the sharp transition in density and magnetic fields (within the gas) at R m . In hot accretion flows, the emission site of synchrotron moves inward with increasing photon energy (e.g. Narayan et al. 1998 ). If R m < 10-20R g , we may observe a weak offset/shift in radio bands, as shown by the blue dashed curve in Figure 3 (see the right panel for a zoomin of the synchrotron bump, the offset happens at around ν Rm ≈ 15-30 GHz). Note that the exact location of ν Rm depends on various parameters, among which R m ,Ṁ /Ṁ Edd and M BH play key roles. Figure 4 shows the spectral properties of MAD with increasing accretion rateṀ 0 /Ṁ Edd . We consider the high-Φ n MAD case, where we adoptβ z0 = 1 at R out = 10 3 R g . All the systems enter the spiral/void region at the outer boundary, i.e. R m > R out . Other parameters except the accretion rate are the same to those in Section 3.1 (and see Table 2 ). For curves from top to bottom in Figure 4 , the boundary accretion rates at R out are respectively,Ṁ 0 /Ṁ Edd = 10 −1 (blue solid curve), 10 −2 (black dot-dashed), 10 −3 (black long dashed) and 10 −4 (black dashed). For reference, the bottom red solid curve shows theṀ 0 /Ṁ Edd = 10 −5 case, which is the same to that in Figure 3 .
SANE (see the MAD emission by
Radiative Properties at DifferentṀ /Ṁ Edd
As shown in Figure 4 , the spectral evolution of MAD with increasing accretion rates is quite similar to that of SANE (cf. figure 1 in . First, asṀ increases, the peak frequency of the synchrotron bump, which depends on both the electron temperature and magnetic field strength (Wardziński & Zdziarski 2000) , moves to higher frequencies. Second, asṀ increases, the soft photon power L soft increases much slower than the power supplied to the electrons L hard (Yang et al. 2015; Zdziarski et al. 2002) ; higher-order Compton scattering dominants the emission, and the spectrum will be of power-law shape in X-rays at high accretion rate. The strong radiative cooling due to the Compton scattering processes will lead to a decrease in the electron temperature.
We note that such trend is universal, i.e. similar trend is always observed (not shown here) for models with other model parameters.
Radiative Efficiency and Critical Accretion Rate
One of the most important quantities in accretion theory is the radiative efficiency η. Through radiative feedback, the efficiency η also plays an important role in the coevolution of supermassive BH (SMBH) and its host galaxy over cosmic time (see e.g., Merloni & Heinz 2008; Mocz et al. 2013) . Meanwhile the SMBH mass function evolving over cosmic time can also be established based on both η and the observed hard X-ray luminosity function. The radiative efficiency describes the efficiency in converting rest-mass energy into radiation, which can be defined as
Here L bol is the bolometric luminosity. For accretion with outflow (Ṁ is not a constant), we adopt the net accretion rate (onto BH)Ṁ BH as a representative (Xie & Yuan 2012) . Depending on BH spin, the efficiency of SSD lies in the range 5.7 − 42%, with a typical value 10%. Hot accretion flow is known to be radiatively inefficient. Its radiative efficiency η has a positive but complex dependence on mass accretion rate (Narayan et al. 1998; Xie & Yuan 2012) . Hot accretion flows can only exist below a certain critical accretion rate (Ṁ crit,MAD andṀ crit,SANE respectively, for MADs and SANEs), above which radiative cooling exceeds the heating. In this case, the accretion flow will become two-phase, i.e. numerous small cold and dense clumps are formed, embedded in and coupled with the hot but tenuous gas (e.g. Yuan 2003; Wu et al. 2016) . At even higher Table 2 . As labelled in the figure, we show results forβz0 = 1 (red solid, MAD with Rm > Rout),βz0 = 2 (green dashed, MAD with Rm ≈ 90-100Rg). For comparison, we also show results for two type of SANEs, one withβz0 = 4 (blue long-dashed, near-critical SANE) and the other withβz0 = 1×10 5 (black dot-dashed, standard SANE). The dotted curve shows the efficiency of SSD, i.e. η = 10%.
accretion rates, cold clumps may merge and settle down to the midplane, leading to the disk/SSD-corona configuration (Yang et al. 2015; Wu et al. 2016) .
We focus on the purely-hot phase accretion case, i.e. the clumpy two-phase accretion with global magnetic fields will not be investigated here. In addition, the effects of α and δ on the critical accretion rate as well as the radiative efficiency, as investigated by Xie & Yuan (2012) , will also not be probed here. Instead, we focus on the effect of global magnetic fields, through parameterβ z0 . To simplify numerical calculations, we further set the boundary to R out = 200R g . For this choice of R out and outflow parameter s, the net accretion rate onto BH will beṀ BH ≈ 0.25Ṁ 0 .
The results are shown in Figure 5 . The red solid curve is for high-Φ n MAD with R m > R out (we setβ z0 = 1), and the green dashed curve is for MAD with R m ≈ 90-100R g (β z0 = 2, the exact value of R m weakly depends on accretion rate). We observe an enhancement in radiative efficiency for the increase in the strength of global magnetic fields, i.e. for a givenṀ and outflow parameter s, the radiative efficiency is about 20-50% higher inβ z0 = 1 systems than inβ z0 = 2 systems. Such enhancement is even higher at largerṀ , i.e. whenṀ BH > 3 × 10 −3Ṁ Edd , it will be larger by ∼ 50%. Because of the difference in the radiative cooling, the critical accretion rate also differs, weaker cooling (lowerβ z0 ) results higher critical accretion rate (note that α is pre-fixed in all our calculations). For example, the critical accretion rate onto BH isṀ BH,crit,MAD ≈ 1.8 × 10 −2Ṁ Edd forβ z0 = 1, whileṀ BH,crit,MAD ≈ 2.7 × 10 −2Ṁ Edd forβ z0 = 2. The maximal efficiency in both cases is η ≈ 7-8%.
For comparison, we also shown in Figure 5 the blue longdashed curve is for near-critical SANE withβ z0 = 4, and the black dot-dashed is for standard SANE withβ z0 = 10 5 . For the SANE systems, we find that the radiative efficiency increases with increasingβ z0 when synchrotron emission dominants (i.e.Ṁ BH < 4 × 10 −4Ṁ Edd ). Above this accretion rate, the efficiency is almost independent of thē β z0 , with difference less than 10%. This is totally different to the change in the turbulent magnetic field strength, where stronger turbulent fields typically lead to an enhancement in radiation (e.g., Manmoto et al. 1997; Xie et al. 2010) . We find that in SANE systems, the effects of global fields are partially compensated by the gas pressure and turbulent stress terms, i.e. systems with stronger global fields (thus lower β) will have lower electron temperature, leading to weaker Compton scattering. Obviously, their SED will be dramatically different, as demonstrated in the subsequent section. The maximal efficiency of SANE is ≈6%.
Our results also show that the efficiency depends on the mass accretion rate, i.e. η(Ṁ BH ) ∝Ṁ 0.55−0.7 BH , and the correlation slope becomes steeper at higherṀ BH (see also Xie & Yuan 2012 for the standard SANE case). There is no clear difference in the slope between MAD and SANE, especially at highṀ BH regime. Note that the correlation slope is systematically shallower than that of the η(Ṁ BH ) ∝ M BH correlation, which is widely adopted in literature (e.g., Narayan et al. 1998; Merloni & Heinz 2008 , most of which are based on conventional version of hot accretion model that omit electron viscous heating by adopting δ ≪ 1.), i.e. low-M systems are actually brighter than previously thought.
For given α and other model parameters, one direct consequence of the differences in η andṀ crit is that MAD shares a similar maximal luminosity to SANE. However, we caution that this result depends on the microphysics of turbulent heating, where we adopt the same prescription for the turbulent heating driven by MTI (MAD case) or MRI (SANE case) processes, cf. Sec. 2.2.1.
Comparison between SANE and MAD
One notable fact of MAD system is that, although it is supplied with large amount of magnetic flux, the gas spirals actually have relatively weaker magnetic fields, with β similar to SANEs of moderate magnetic flux (see also M12). Beside, its radiative processes and the consequent spectrum are the same to those of SANE. All these make it challenging to distinguish MAD and SANE based on spectral information only. On the other hand, such disadvantage also implies that (at least some) low-luminosity AGNs and BHBs in their hard and intermediate states, whose central engine is argued to be SANE (for reviews, see Done et al. 2007; Ho 2008; , may possibly be MAD instead.
The spectral difference between MADs and SANEs under the same boundary accretion rateṀ 0 is illustrated already in Figure 3 when the accretion rate is low. We here show the results at higher accretion rates. For this purpose, we take data from Section 3.3, where the boundary accretion rate at R out = 200R g is chosen to beṀ 0 = 1 × 10 −2Ṁ Edd (thuṡ M BH ≈ 2.5 × 10 −3Ṁ Edd ). The SEDs are shown in Figure 6 , where each curve is of the same meaning to that in Figure 5 . We find that even with similar radiative efficiencies, the two SANEs show clear differences, i.e. the near-critical SANE (withβ z0 = 4) is brighter in its synchrotron bump (because its magnetic field strength in gas regions is stronger), while the standard SANE (withβ z0 = 10 5 ) is brighter in its Compton scattering bumps (mostly because the electrons are hotter).
The two MADs are systematically brighter than the two SANEs, as already known based on the radiative efficiencies. When compared to SANEs, we notice that the synchrotron emission of MAD systems is actually weaker, but their Compton upper-scattered emission is much brighter. The first is due to weaker magnetic field strength in gas regions, while the latter is mainly due to higher optical depth, see Figure 2 . On average, under the same accretion rate, the Xray luminosity of MAD is systematically brighter by a factor of 3-5 than that of SANE.
We note that for given luminosities, MAD inclines to have higher surface density but lower electron temperature. Such information may be revealed from detailed modeling of the Comptonized spectrum, e.g., in hard X-ray band. We will discuss this point later in Section 4.3.
DISCUSSIONS 4.1. Accretion Mode in Sgr A* and M87
Extensive efforts have been devoted to investigate the accretion mode in the two nearby low-luminosity AGNs with SMBHs, i.e. Sgr A* and M87 (e.g., N03; M12; Yuan et al. 2003; Shcherbakov & McKinney 2013; Gold et al. 2017; Ryan et al. 2017; Ressler et al. 2017 Ressler et al. , 2019 EHT Collaboration et al. 2019; Chael et al 2019) , where the innermost R < 10 1−2 R g regions can be resolved by current facilities such as the Event Horizon Telescope (EHT) and the GRAVITY-VLT. However, although both sources have numerous multi-band (and multi-epoch) observations, the magnetic flux near BH still remains uncertain. It is also clear from this work that the SED modelling itself is very difficult to distinguish between SANE and MAD (see also Gold et al. 2017; Ressler et al. 2017; EHT Collaboration et al. 2019) .
Based on linear polarization information, Gold et al. (2017) argue that Sgr A* favors the MAD interpretation. However, evidence in favor of SANE also exist. Sgr A* is fed by stellar wind from a cluster of O and Wolf-Rayet stars orbiting around the BH (Cuadra et al. 2008; Wang et al. 2013) . Recently Ressler et al. (2019) carried out MHD simulations to model these gases, and found the magnetic flux around Sgr A* is only about 10% the minimal of MAD. Besides, an infrared "hot spot" flare with Keplerian rotation is detected by the high-resolution GRAVITY-VLT Interferometer (Gravity Collaboration et al. 2018) , where a strong poloidal magnetic field is suggested by polarization signature of the spot. Although high-Φ n MAD model can provide strong poloidal field, the rotational of dense spiral/blob should be highly sub-Keplerian. We note that the GRAVITY-VLT observation is still consistent with a low-Φ n MAD interpretation, in which case we may detect a weak spectral shift/offset around 10-300 GHz, cf. the green long-dashed curve in Figure 3 and note the difference in BH mass.
M87 is a nearby AGN suggested to be in MAD (N03; N12; M12). It has a powerful jet extending up to kpc scales and two giant "X-ray cavities" (Allen et al. 2006) . The X-ray cavity may be created by the deposit of the jet power into the ambient gas within the galaxy. The jet power is found to be comparable or even higher than the bolometric luminosity in M87 (Allen et al. 2006 , see EHT Collaboration et al. 2019 for a summary). With a combination of jet power, the EHT imaging at 230 GHz and the constraints in X-ray luminosity, M87 favors a MAD interpretation, although SANE models around maximal spinning BH cannot be ruled out (EHT Collaboration et al. 2019) . Based on twotemperature MAD simulations, Chael et al (2019) find that MAD model can produce not only the broadband SED but also the core-shift effects observed in high-resolution radio images (Hada et al. 2011 ).
AGNs
AGNs are known to have a large diversity (spanning 3-4 orders of magnitude) in their radio-loudness, which is defined as the ratio of jet-traced radio luminosity to accretion disktraced optical-UV luminosity. Most investigations on MADtype accretion in AGNs focus on radio-loud (RL hereafter) sources, including RL galaxies and blazars. Some RL AGNs have jet efficiencies (defined as the ratio of jet power to accretion power) greater than 100% (Rawlings & Saunders 1991; Ghisellini et al. 2010 Ghisellini et al. , 2014 Fernandes et al. 2011; McNamara et al. 2011) . Similar conclusion can also be reached on a statistical basis. For example, for a sample of blazars, the jet power is found to be greater than, but tightly correlates with, the accretion power Ghisellini et al. (2014) . Another example comes from Zamaninasab et al. (2014) (updated later by Zdziarski et al. 2015) , where they reported a tight correlation between the jet magnetic field flux and disk luminosity based on a sample of 76 RL active galaxies. Such correlation is exactly what MAD predicts. All these observations require the extraction of BH spin power, or equivalently, they are in favor of the MAD model.
Recently, Gupta et al. (2018 Gupta et al. ( , 2019 investigated the X-ray properties of luminous RL galaxies and their radio-quiet (RQ hereafter) counterparts, based on a Swift/BAT sample with similar black hole mass and Eddington ratio. They use midinfrared emission as a proxy of cold disk emission, and found that RL AGNs are X-ray-louder than RQ AGNs, but their Xray spectral slope is similar. Gupta et al. (2019) interpreted this result as an effect of the difference in BH spin. In our understanding, it is also consistent with the "RL in MAD and RQ in SANE" interpretation. Under the sameṀ MAD is brighter by only ∼ 2 than SANE. Meanwhile, the optical depth is higher in MAD (compared to SANE), thus it will be brighter in hard X-rays, see Figure 6 .
Finally we caution that radio-moderate or even RQ systems can still be in MAD, i.e. a maximal-power jet does not guarantee luminous in jet emission. The energy-toemission conversion could be highly suppressed in jet for several reasons (Gold et al. 2017 ), e.g., too few electrons due to inefficient mass-loading, and/or low energy dissipation power to accelerate electrons to relativistic energies.
Black hole X-ray binaries
Thanks to relatively short evolution time, BHBs reveal fruitful information on the underlying accretion physics. The leading picture for hard and hard-intermediate states (see Belloni 2010 for state classification) is the accretionjet model (Zdziarski, & Gierliński 2004; Done et al. 2007; , where the cold disk truncated at a radius R tr and a hot flow inside that radius (Esin et al. 1997; Yuan et al. 2005 ). In this model, the hard X-rays originate from the hot accretion flow.
Whether the hot accretion flow is MAD or SANE remains unclear. One observational feature of BHBs is the hysteresis behavior, i.e. the hard-to-soft state transition happens at a brighter luminosity (∼ 10%L Edd ) compared to that of the soft-to-hard transition (∼ 1%L Edd ). Begelman & Armitage (2014) considered the effect of advection and accumulation of the magnetic flux generated at R tr . They found that the accretion becomes highly (weakly) magnetized during the rising (decline) part of the outburst. The effective α of hot accretion flow will be different in the two parts. This model provides a plausible interpretation for the hysteresis. However, the possibility of entering the MAD phase is not mentioned in Begelman & Armitage (2014) . Moreover, as discussed in Section 3.3, we find that there is no notable difference in critical luminosity between MAD and SANE, unless the effective α (suggested in Begelman & Armitage 2014) and/or the dissipative heating are revised. The SANE with stronger turbulent magnetic fields is still possible for the rising part.
Broad-band (∼1-100 keV) X-ray spectra in hard state show high-energy cut-offs at ∼50-200 keV (in νL ν plots, e.g., Zdziarski et al. 1998; Done et al. 2007; Joinet et al. 2008; Miyakawa et al. 2008; Yan et al. 2020 and references therein) . Together with the photon index, we can constrain both the electron temperature T e and the optical depth τ . We expect to observe a jump (from time evolution and its correlation with X-ray luminosity L X ) in optical depth when the system transits from SANE into MAD during the rising phase. Besides, with a comparison of the normalization and/or the slope of correlations of τ -L X and T e -L X , we may quantitatively examine the "MAD in rising and SANE in decline" hypothesis in future.
SUMMARY
MAD is achieved when the accretion system is fed with sufficient amount of magnetic flux (N03). It provides an efficient way to launch a spin-powered BZ-jet. Observational evidence on MAD in RL systems is now accumulating (e.g., Ghisellini et al. 2014; Zamaninasab et al. 2014; Zdziarski et al. 2015) . However, its application is limited by the lack of spectral calculations. The only existing calculations focus on dimmest ones (Gold et al. 2017; Chael et al 2019) , which cannot be applied to systems at higherṀ /Ṁ Edd .
In this work we investigate the radiative properties of MAD systems. We construct the global magnetic fields based on 3D MHD simulations (e.g., M12; N12), and develop heightintegrated equations to describe the dynamics of MAD. The transition from the outer axisymmetric region to the inner spiral/void region is determined automatically. One advantage for this treatment is that our model can describe both MAD and SANE. Consistent with MAD simulations (I08; M12), we find a significant fraction of magnetic field is expelled from dense gas spirals into magnetized voids, due to MII process. The spirals are weakly magnetized (β s 1), while the dilute voids have β v ≪1.
The radiative processes in MAD systems are synchrotron, bremsstrahlung and the Compton scattering, the same to those of SANEs. We find that the MAD shares a similar spectrum to that of SANE with global fields. Although this result makes it challenging to discriminate MAD from SANE, it provides a natural explanation on the spectral similarities between RL and RQ AGNs, if RL ones are in MAD while RQ ones are in SANE (Sikora & Begelman 2013 , but see Gupta et al. 2019 for the effect of BH spin.)
We further investigate the radiative efficiency of MAD, and find that for a given accretion rate MAD is systemically brighter than SANE. MAD also have a higher maximal radiative efficiency than SANE, with the former 7-8% and the latter about 6%. On the other hand, MAD has a lower (by a factor of ∼1.5-2) critical accretion rate than SANE. These two results imply that for given other parameters, the maximal luminosity of MAD will actually be comparable (but slightly lower) than that of SANE. We note that the maximal luminosity of MAD can be higher, if it has a higher viscosity α and/or a more efficient energy dissipation (q heat ).
APPENDIX A. KEY ASSUMPTIONS AND HEIGHT-INTEGRATED DYNAMICAL EQUATIONS FOR MAD SYSTEMS
Below we provide the details on the derivation of the dynamical equations listed in Section 2.2.1. Revelant information can also be found in e.g., Manmoto et al. 1997; Li & Cao 2009; Cao 2011; Oda et al. 2012 . We adopt a cylindrical coordinate (R, φ, z) and take the pseudo-Newtonian potential (Paczyński & Wiita 1980 . The PW potential ψ can be expanded as a sum of series of powers of (z/R) (Manmoto et al. 1997) 
Here
is the Keplerian angular velocity at the mid-plane. We thus have,
The magnetic fields in MAD system are seperated into two types. One is the tangled turbulent one, which is determined through the plasma parameter β t = P g /P tm . The other is the ordered global one, which we follow the results from 3D MAD simulations (N12; M12). We first assume all the field components have no azimuthal dependence within either the spirals or voids; however, the field strengths are different between them. We then consider their distribution in the vertical (z) direction. B z (R, z) is assumed to be a constant along z, while the radial (B R (R, z)) and the azimuthal (B φ (R, z)) components are assumed to be odd and linear functions of
Here B s R and B s φ are the magnetic field strengths at the surface of the accretion flow (i.e., defined at z = H. Note that in our approximation B R (R, 0) = B φ (R, 0) = 0), while B z is that at the mid-plane of the flow. Without losing generality, we further assume the accretion flow rotates with Ω > 0 and take B z > 0. Consequently we have B s
In other words, we have P m > 0 and κ φ < 0, as shown in Table 2 . We then consider their radial distribution. We assume the fields roughly follow the R ∼−1 profile in the radial direction (M12). We thus have,
Considering the vertical distribution, we approximate the vertically-averaged magnetic field strength within the accretion flow at a given radius R as,
We now consider the dynamical equations to describe the MAD system. We assume the accretion flow is in steady state (∂/∂t = 0), which is adequate for applications of time-averaged properties. We consider an accretion flow with scale height H, above which outflow exists. We further assume the accretion flow is quasi-static in the vertical direction, i.e. V z ≈ 0 within the accretion flow.
The first is the mass conversation equation of the of accretion flow, which can be described as
Under a height-integration, the left hand side of Equation A5 represents the change in accretion rate, while the right hand side represents the mass loss rate. Following Blandford & Begelman (1999) , we replace the height-itegrated form of Equation (A5) with the power-law profile of mass accretion rate, as shown in Equation (2 
In the second expression we have taken the identity 1 4π (∇× B)× B = −∇(B 2 /8π)+ 1 4π (B·∇)B. The total pressure is defined as P tot = P g + P tm + P m , where P m = B 2 /8π. In MAD systems, the MHD turbulence is driven by MII (White et al. 2019) , while in SANE the MHD turbulence is driven by MRI (Balbus & Hawley 1998) . In this work, the stress tensor due to both hydro and MHD turbulence is described by T, where the only non-zero components considered are the φr term τ φr and the symmetric rφ one τ Rφ . We have τ φR = τ Rφ . Consequently, the non-zero stress force term is in the azimuthal direction, which takes the form (∇ · T) φ = 1 R 2 d dR (R 2 τ φR ). We adopt the conventional α-description (Shakura & Sunyaev 1973 ) that τ φR ≈ −α(P g + P tm ). We first consider the vertical direction part of Equation (A6). Because we assume the accretion flow is in the hydro-static condition in z direction, it can be re-written as ∂P tot ∂z = −ρ ∂ψ(R, z) ∂z
For the second expression above, the magnetic tension term can be omitted (but see, e.g., Cao 2011). In the above expression, we adopt the approximation ∂ψ(R,z) ∂z ≈ −Ω 2 K z, which is valid when H/R ≪ 1 (see Gu & Lu 2007 for a more careful treatment). For an isothermal accretion flow, ∂P tot /∂z = c 2 s ∂ρ/∂z, where isothermal sound speed c s is defined through c 2 s = P tot /ρ. The solution to Equation (A7) provides a density profile in vertical direction, i.e.
where the scale-height H is determined by H = c s /Ω K . The height-integrated dynamical equation in radial direction can be read as
For the dynamical equation in azimuthal direction, before height integration it reads,
For the height-integration of the global field parts, we adopt the following expressions, i.e.
Under the assumptions that in the vertical direction the accretion flow is isothermal and Ω is a constant, the height-integrated form of Equation (A10) will be,
Note that since B s R B s φ < 0 and B z B s φ < 0, the gloal field helps to transport angular momentum outward. In order to be consistent to SANE models (cf. Yuan & Narayan 2014), we additionally include the eginvalue j 0 in Equation (A11). The angular momentum equation then reads as Equation (4).
The final two equations describe the energy balance for ions and electrons, which read
∇ · [(ρǫ e + P e )v] − (v · ∇)P e ≡ ρv · (∇ǫ e − P e ρ 2 ∇ρ) = δq heat + q ie − q rad .
For the identities in the above expressions, we have taken advantage of ∇·(ρv) = 0 (mass conservation. Or equivalently ρ∇·v = −v · ∇ρ) to re-write in the forms of ∇ · (ρǫv) = ǫ∇ · (ρv) + ρv · ∇ǫ = ρv · ∇ǫ and ∇ · (P v) − (v · ∇)P = P (∇ · v) = − P ρ v · ∇ρ. We then integrate Equations (A12) and (A13) in the z-direction to derive the height-integrated energy equations, which are listed in Sec. 2.2.1 as Equations (8) and (9), respectively. B. C M,MIN : THE MINIMAL COVERING FACTOR OF GAS SPIRALS The coupling between dense spiral and magnetized void is approximated by pressure balance between each other. Consequently, The covering factor of dense spirals, C m , has a lower-limit constraint, which is defined as the critical minimal value C m,min . Physically we should always have C m > C m,min .
To evaluate the value of critical minimal value C m,min , we first define (23) can be re-written as,
In order to have a clear illustration, we show the two equations in Figure 7 , i.e. solid curve for the hyperbolic one, and dashed curve for the linear one. Obviously since f 1 > f 3 > 1, we should have 0 < x b < 1 < y b . We emphasize that y b has a positive relationship with x b in Equation (B14), while it has a negative relation in Equation (B15). Consequently, there will be at most only one solution in the range 0 < x b < 1.
Since at one boundary x b = 1 we have y b (hyper) = 
which leads to the minimal value of C m,min ,
Obviously, in practice such constraint disappears if β gt z /f 3 < 1. The final expression is given in Equation (25).
